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under s tudy  through Grant ~~GL-~&0-002-080, This  r e p o r t  d e a l s  exc lus ive ly  wi th  one 
phase of  t h e  work, namely elas- i i ic-plast i -c  f i n i t e  element a n a l y s i s .  I t  r e p o r t s  pro- 
g re s s  and problems t o  d a t e  on s t u d i e s  d i r e c t e d  towarcl: 1 )  t h e  a n a l y s i s  of p r a c t i -  
c a l  f r a c t u r e  t e s t  speci.mens, e s p e c i a l l y  t h e  no-tctied round t e n s i l e  b a r  employed i n  
t h e  experimental  program, and 2)  t h e  devel-opment of v e r s a t i l e  s inguI . a r i t y  e l e -  
ments f o r  crack t i p s ,  o f  a form which a r e  rea.dily merged with s tandard  elements of  
an i soparamet r ic  o r  t r i a n g u l a r  type .  Unanticipated d i f f i c u l t i e s  have a r i s e n  i n  
a t tempts  a t o b t a i r ~ i n g  the h ighly  accu ra t e  numerical s o l u t i o n s  which have been a  goal  
of  t h e  s tudy.  These a r e  explained he re  t oge the r  with a p re sen ta t ion  o f  numerical  
r e s u l t s .  The work has been c a ~ r i e d  ou t  by M r .  D. M. Tracey, Research Ass i . s t an t .  
on Grant NGL-40-002-080, 
In t roduc t ion  
The numerical  a n a l y s i s  o f  cracked s o l i d s  under e x t e r n a l  load  i s  d i f f i c u l t  
because o f  t h e  s i n g u l a r  deformation s t a t e  nea r  a crack t i p .  E l a s t i c  crack s o l u t i o n s  
are governed by an inve r se  square r o o t  s t r e s s  and s t r a i n  s i n g u l a r i t y  [ll while  e l a s -  
t i c  p e r f e c t l y - p l a s t i c  s o l u t i o n s  f o r  s t a t i o n a r y  cracks involve a  l /r s h e a r  s t r a i n  
crack t i p  s i n g u l a r i t y  [2], Hutchinson [ 3 1  and Rice and Rosengren [4] have found 
near  t i p  s o l u t i o n s  t o  power law hardening m a t e r i a l s  which have s t r e s s e s  and s t r a i n s  
e x h i b i t i n g  N/( l + t I )  and 1 I  types  of s i n g u l a r i t y  r e s p e c t i v e l y ,  where N is 
t h e  hardening exponent. Rice [2] hns o f f e r e d  t h e  P rand t l  s l i p l i n e  s t r e s s  f i e l d  a s  
t h e  asymptot ic  s t r e s s  d i s t r i b u t i o n  a t  t h e  t i p  of a  sharp  crack i n  a  non-hardening 
m a t e r i a l  i n  plane s t r a i n .  
The goa l  i n  t h e  p re sen t  work i s  t o  ob ta in  f i n i t e  element solut j -ons t o  t y p i c a l  
and J, R, Rice as p r inc ipa l  investiga'cors.  
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ela.;t; c-plastic problems x~hic'n are i ,el  i s b l e  z i t t h e  di~-oubJ esone s iny i i l  a r i t y  ;is i ; c l l  
a s  be ins  accui.ate 51-lohali~r, A s s i u t i o n  "L the c i r e ~ r r n f e i - e n t i d y  grooved 1-ound t en -  
s i l e  b a r  is descr ibed i n  t h i s  propress  r e p o r t .  The nu~ne r i ca l  treatment of t h e  nea r  
t i p  reg ion  was based on t h e  method used by Levy e t  a l .  [5] i n  t h e i r  s tudy  of  t h e  
smal l  s c a l e  y i e l d i n g  boundary l a y e r  problem. They developed t h e  "polar" element,  
a four-node element whose edges a r e  descr jhed  by l i n e s  a t  cons t an t  angle  and a r c s  
o f  cons tan t  r a d i u s  i n  a ~ o l a r  coord ina te  system r ,  Center ing t h e  coord ina te  
system a t  t h e  crack t i p  and choosing an ( r , 0 )  b i l i n e a r  i n t e r p o l a t i o n  func t ion  
al lows a l /r s t r a i n  v a r i a t i o n  wi th in  t h e  element. IJsinp; t h i s  they  obta ined  a 
s t r e s s  s o l u t i o n  very c l o s e  t o  t h e  P rand t l  f i e l d .  
The geometry of  t h e  round b a r  motivated t h e  use o f  s t r a i g h t  edged isopararnetr ic  
elements which when focused i n t o  t h e  crack t i p  al lows t h e  l./r s t r a i n  v a r i a t i o n .  
Su rp r i s ing ly  t h i s  procedure f a i l e d  t o  g ive  a reasonable  n e a r  t i p  s o l u t i o n .  The 
smal l  s c a l e  y i e l d  s o l u t i o n  t o  t h i s  round b a r  problem d i f f e r e d  s i g n i f i c a n t l y  from 
Levy e t  a l .  The asymptot ic  boundary l a y e r  problem was then  used as a t e s t  problem 
t o  l e a r n  t h e  e s s e n t i a l  d i f f e r e n c e s  between t h e  p o l a r  and focused i soparamet r ic  e l e -  
ments. It is concluded t h a t  two f e a t u r e s  o f  t h e s e  s i n g u l a r  elements r e q u i r e  fu r -  
t h e r  s tudy:  F i r s t  is  t h e  use of  t h e  a r e a  average s t r e s s  a s  an approximation t o  t h e  
s t r e s s  s t a t e  a t  each o f  t h e  i n t e g r a t i o n  s t a t i o n s  o f  t h e  element,  and second is  t h e  
s i n g u l a r  d i l a t a t i o n  allowed by t h e  i n t e r p o l a t i o n  func t ion ,  Curren t ly  a new e l e -  
ment i s  be ing  developed which w i l l  al low only a s i n g u l a r  s h e a r  s t r a i n  i n  i t s  s e t  
of admiss ib le  deformations. 
The l a r g e  s c a l e  y i e l d i n g  s o l u t i o n  t o  t h e  round b a r  problem demonstrated t h a t  
t h e  numerical method of cal.culating t h e  e l a s t i c - p l a s t i c  s t r e s s  s t r a i n  mat r ix  t h a t  
is  i n  common use (Marcal and King C61) i s  a source of  accumulative e r r o r .  S t a t ed  
b r i e f l y  t h i s  method bases  t h e  p l a s t i c  flow r u l e  f o r  an increment on t h e  i n i t i a l  
s t r e s s  s t a t e ,  i n s t ead  o f  on s0n.e es t imated  average s t r e s s  s t a t e  experienced dur ing  
t h e  increment ,  with t h e  r e s u l t  t h a t  t h e  s t r e s s  s t a t e  wanders away from t h e  y i e l d  
su r f ace .  Curren t ly  a r ev i sed  procedure is being adopted t o  c o r r e c t  t h i s  problem, 
Numerical Procedure 
The finite elecrnt procedut-2 used eorr~isteed of trairsfercine "iie ac";usl elas"i.e- 
p l a s t i c  problen into that of so lv ing  a system of l i n e a r  a l g e b r a j c  equat ions  in t h e  
displacenlen-ts (displac.;.i;~c~;t irie~-einznk foor pLas"i.city) of  a F i n i t e  num3er of 
"nodes" of  t h e  body. The c o e f f i c i e n t  ma t r ix  of t h i s  system i s  cons t ruc t ed  from 
t h e  s t i f f n e s s  mat r ices  of "elementst'  o f  m a t e r i a l  a s soc i a t ed  with t h e  nodes. The 
behavior w i th in  t h e  elements is - a p r io rk  s p e c i f i e d  i n  terms of t h e  unknown nodal  motioa 
through t h e  elements '  i n t e r p o l a t i o n  func t ions .  The element s t i f f n e s s  ma t r ix  de- 
pends exc lus ive ly  on t h e  i n t e r p o l a t i o n  func t ion  chosen and t h e  c o n s t i t u t i v e  law 
of  t h e  m a t e r i a l .  
If - B ( X )  i s  t h e  mat r ix  der ived  from t h e  i n t e r ~ o l a t i o n  func t ion  which r e l a t e s  
an e lement ' s  nodal  displacement increments ,  A 6  , t o  s t r a i n  increments a t  an i n t e r i o r  
- 
po in t  X , A&(X) , and D - i s  t h e  incrementa.l s t r e s s - s t r a i n  mat r ix ,  t h e  element 
s t i f f n e s s  is w r i t t e n  a s  
For a Prandtl-Reuss m a t e r i a l  t h a t  cont inues  t o  load  D depends upon t h e  e L a s t i c  
- 
c o e f f i c i e n t s  D ~ '  , t h e  cu r r en t  work-hardening r a t e  H'(;~) , and t h e  s t r e s s  s t a t e ;  
t h e  dependence on t h e  l a t t e r  is through t h e  vec to r  
where Si a r e  t he  d e v i a t o r i e  s t r e s s e s  and a t h e  cu r r en t  y i e l d  s t r e s s .  The 
0 
matr ix  express ion  f o r  D i s  
- 
I i s  t h e  i d e n t i t y  mat r ix .  
- 
I n t e g r a t i o n  of eq ,  ( 1 )  is usua l ly  done by some quadra ture  r u l e  t h a t  approxi- 
mates t h e  i n t e g r a l  a s  t h e  sum of  products  of t h e  in tegrand  eva lua ted  a t  s e l e c t e d  
s t a t i o n s  XN t imes an a s soc i a t ed  f r a c t i o n  o r  "weight" of t h e  to ta l .  a r e a ,  The sun 
of t h e  weights equals  t h e  t o t a l  area, 
The algori"ch:r, of an  e l a s t i c - n l a s t i c  s o l u t i o n  begins with t h e  assembly of t h e  
master  s t i f f n e s s  mat r ix  from t h e  element s t i f f n e s s e s  obtained using D e R i n  
- 
eq ,  (1). The equations are so lvcd ,  s t r e s s e s  are e-~aluated at selected posjlion(s) 
with in  t h e  elements ,  and t h e  sobut ion i s  theil s ca l ed  t o  render  that stress siate 
with t h e  g r e a t e s t  equiva len t  shea r  to t h e  p o i n b o f  i n c i p i e n t  y i e l d ,  Next a "small" 
load increment i s  s p e c i f i e d ,  t h e  meaning o f  "small" w i l l  be explained s h o r t l y .  Each 
s t r e s s  s t a t e  i n  t h e  mesh i s  checked t o  s e e  i f  during t h e  load increment t h e  reg ion  
would y i e l d  i f  t h e  deformation cont inues propor t iondte  t o  t h e  previous s o l u t i o n .  For 
those  r eg ions  t h a t  would y i e l d ,  a weiphted average P matr ix  i s  cons t ruc ted  from 
e R Q and D eR-pR according t o  t h e  method o f  Marcal and King C61. For t h e  p o i n t s  
a t  y i e l d  Q eR-pR is formed based on t h e  cu r r en t  s t r e s s  s t a t e .  With t h e  new master  
s t i f f n e s s  mat r ix  a displacement increment s o l u t i o n  i s  obta ined ,  t h e  s t r e s s  increments 
a r c  added t o  t h e  previous  s t r e s s  s t a t e s  and t h e  process  r e p e a t s  i t s e l f  u n t i l  t h e  
f i n a l  l oad  has been achieved. Since t h e  dependence of  t h e  c o n s t i t u t i v e  ma t r ix  on 
t h e  s t r e s s  s t a t e  i s  t h e  f e a t u r e  t h a t  makes t h i s  a non-l inear  problem, t h e  s i z e  o f  
t h e  load  increment must be judged according t o  t h e  s i z e  of  s t r e s s  increment it pro- 
duces.  Since f o r  p e r f e c t l y  p l a s t i c  m a t e r i a l s  cont inuing  t o  load  t h e  only pe rmis s ib l e  
s t r e s s  increment i s  tangent  t o  t h e  y i e l d  su r f ace  t h e r e  is always an amount of e r r o r  
involved i n  us ing  f i n i t e  load increments,  The permiss ib le  s i z e  of  a load  increment 
depends upon t h e  t o l e r a n c e  s e t  f o r  t h e  amount a s t r e s s  increment can venture  atray 
from t h e  y i e l d  su r f ace .  
The nea r  t i p  elements used i n  t h e  p re sen t  s tudy  were given i n t e r p o l a t i o n  func- 
t i o n s  which allow t h e  expected s i n g u l a r  deformation. The l/r shear  s i n g u l a r i t y  
expected i n  t h e  p l a s t i c  case  motivated t h e  use o f  centered  t r a p e z o i d a l  shaped i s o -  
parametr ic  e lements ,  f i g .  1. The elements n e a r e s t  t h e  crack t i p  have two coin-  
c iden t  nodes a t  t he  t i p .  This  a l lows t h e  displacement d i s c o n t i n u i t y  a r  r = 0 t h a t  
i s  a s soc i a t ed  with a l / r  s i n g u l a r i t y .  The i sopa rame t r i c  i n t e r p o l a t i o n  func t ion  is 
expressed i n  terms of t h e  e lement ' s  n a t u r a l  coord ina tes  ( 5 , ~ )  a s  
The Car tes ian  displacement vec to r  U(X)  depends upon t h e  nodal displacement vec- 
- 
t o r s  which a r e  l i n e a r l y  r e l a t e d  t o  t h e  genera l ized  displacements  b .  . For t h e  
- 1 
t r apezo ids  of f i g .  1 which a r e  considered i n  t h e  u n i t  square ( 0  $ 5 $ 1, 0 i n $ 1 )  
in parameter space the natural coordinates are 
The s t r a i n  d i s t r i b u t i o n  i n  t h i s  element r e f e r r e d  t o  t h e  l o c a l  coord ina te  system 
( s , t )  i s  
The cons t an t s  depend upon t h e  displacements of  nodes I , J , K , L  and t h e  element 
dimensions. C lea r ly  t h e  l / s  terms i n d i c a t e  t h e  element is ca.pable of d u p l i c a t i n g  
t h e  l /r s i n g u l a r i t y  c h a r a c t e r i s t i c  of  t h e  non-hardening case.  
The inve r se  square  r o o t  e l a s t i c  s i n g u l a r i t y  motivated t h e  design o f  an element 
with t h e  shape of  t h o s e  i n  f i g .  1 with t h e  i n t e r p o l a t i o n  func t ion  
The co inc iden t  nodes o f  t h e  nea r  t i p  elements a r e  cons t ra ined  t o  move t o g e t h e r  i n  
t h i s  formulat ion.  Th i s  e l a s t i c  s i n g u l a r i t y  element has  been used t o  o b t a i n  very 
accu ra t e  s t r e s s  i n t e n s i t y  f a c t o r s  i n  t y p i c a l  e l a s t i c  crack problems C71. An i n t e r -  
po la t ion  func t ion  t h a t  provides a s t r a i n  d i s t r i b u t i o n  with l/r and 1/& terms is  
There remain ques t ions  t o  be considered such a s  whether o r  no t  an exac t  e l a s t i c  
i n t e r p o l a t i o n  func t ion  should be used t o  ga in  t h e  e l a s t i c  s o l u t i o n  t o  a  body which 
a c t u a l l y  experiences y i e l d i n g  under i n f i n i t e s i m a l  load.  There is a l s o  t h e  problem 
of determining t h e  most rigorlous method o f  numerical i n t e g r a t i o n  of t h e  element 
s t i f f n e s s  mat r ix .  The ques t ions  of how many quadra ture  s t a t i o n s  a r e  necessary  and 
what s t r e s s  s t a t e s  w i th in  an element should be s t o r e d  are t h e  b a s i s  of t h e  problem, 
It i s  found that the s o l u k i o ~ l  ir, cjuiee .srinsit ive to a l l  of tkitiesii choiecs,  a d e t a i l e d  
d iscuss ion  of t h e s e  p o i n t s  appears i n  t h e  las-c section. 
The f i r s Q p r o h l e m  so lved  173s t h e  c i r cumfe ren t i a l l y  cracked round b a r  t r i th  an. 
i n s i d e  t o  ou t s ide  diameter  r a t i c  (d/D) of l j 2  , The length  was chosen a s  3.75 D 
which was s u f f i c i e n t  t o  ob ta in  a  uniform s t r e s s  s o l u t i o n  a t  t h e  end when a uniform 
a x i a l  displacement was imposed t h e r e ,  A mesh with 768 degrees of freedom as soc ia -  
t e d  wi th  340 axisymmetric r i n g  elements was employed i n  t h e  upper h a l f  o f  t h e  body 
which i s  n a t u r a l l y  descr ibed  i n  terms of a  ( p , z , + )  c y l i n d r i c a l  coord ina te  system. 
The c e n t e r l i n e  is along t h e  z a x i s  and t h e  crack is a long  t h e  l i n e  (d/2 h P h D / z , O )  
i n  a  meridional  p lane  $ = cons t  , f i g .  2. When viewed i n  t h e  p - 2 plane  t h e  
c ros s  s e c t i o n s  of t h e  elements were centered  t r apezo ids  n e a r  t h e  t i p ,  r e c t a n g l e s  
near  t h e  end, and a r b i t r a r y  q u a d r i l a t e r a l s  elsewhere. There were 300 t r a p e z o i d s  
i n  13  r i n g s  centered  about t h e . c r a c 4  t i p .  These elements  had an angular  dimension 
of n /24  . The nodes descr ibed  a r c s  o f  r a d i u s  
The i n t e g r a t i o n  o f  t h e  element s t i f f n e s s e s  was accornnlished by a  9 p o i n t  
Gaussian auadra ture .  The i n t e g r a t i o n  s t a t i o n s  wi th in  a  near  t i p  element us in^: t h i s  
procedure a r e  p i c t u r e d  i n  f i g .  3d. When v i e~~red  i n  ( 6 , ~ )  parameter space t h e  s t a -  
t i o n s  a r e  a t  t h e  i n t e r s e c t i o n s  of t h e  coord ina tes  l i n e s  ( 1  + - m ) / 2  and 1 /2  
The weight of t h e  6-0 a r e a  a s soc i a t ed  with t h e  "corner" s t a t i o n s  is  25/324 , t h e  
c e n t e r  weight is  3.6/81 and t h e  o t h e r  s t a t i o n s  on t h e  coord ina te  l i n e s  S,Q = 1/2  
have weight 10/81 . 
I n  t h e  i n t e g r a t i o n  a  f u r t h e r  approximation was made. Only t h e  s t r e s s  s t a t e  of 
t h e  c e n t e r  of  t h e  element was s t o r e d .  If t h i s  s t a t e  s a t i s f i e d  y i e l d  t h e  D mat r ix  
f o r  a11  i n t e g r a t i o n  s t a t i o n s  was der ived  based on t h i s  s t a t e .  This  approxirnation 
was made with t h e  i n k l i n g  t h a t  s t r e s s  g rad ien t s  w i th in  a  p l a s t i c  element a r e  not  
l a r g e  enough t o  provide a  s i g n i f i c a n t  v a r i a t i o n  of t h e  D mat r ix  wi th in  t h e  element.  
Subsequent f i nd ings  t h a t  t h e  n u n e r l c a l  procedure of  t h e  e a r l v  deformation h i s t o r y  
near  t h e  crack tip, has a marked in f luence  on t h e  l a r g e  deformation r e s u l t s  t h e r e  
renders  ques t ionable  t h e  e f f e c t  t h i s  a ~ ~ r o x i r n a t i o n  has  i n  view of  i t s  obvious in -  
adeouacv when t h e  e l enen t  i s  along the e l a s t i c - p l a s t i c  houndsry ,  
Two e l a s t i c ,  i n c i p i e n t  y i e l d  s o l u t i o n s  were obta ined .  The f i r s t  was gained hv 
using t h e  i soparamet r ic  i n t e r p o l a t i o n  func t ion  f o r  a l l  e lements ,  t h e  second formu- 
l a t i o n  ;nzde use of t h e  "dlua2" s9nr~a? ; . r i ty  i r ~ t e - q m l a - t i o ~ ~  " inc t i on  ( 7 )  fm- %.he netl- 
 ti^ elements,  P l o t s  of  t h e  i n ~ l a n e  stress eon3ponents a t  t h e  n e s r  tin element cen- 
t e r s  aDpear i n  fiys. ( 4 a , b , c )  for these  solutions a3 on? r s ~ i t h  t h e  s t r e s s  d i s t r i b u -  
t i o n  of  t h e  l ead ing  term of t h e  GTilliams expansion f o r  p lane  s t r a i n  with 
which i s  s a t i s f i e d  when one p o i n t  a t  ra.dius r is a t  vie1.d. For t h e  geometry con- 
s i d e r e d ,  Bueckner[l4] g ives  t h e  s t r e s s  i n t e n s i t y  f a c t o r  a s  
Eqs. ( 9 )  and (10) taken t o g e t h e r  p r e d i c t  y i e l d  a t  t h e  n e a r  t i p  element midpoint ,  
r / d  = 1/144 , when 
The isopararnetr ic  s o l u t i o n  had om/oo = 0.108 while  t h e  dua l  s i n g u l a r i t y  s o l u t i o n  
p red ic t ed  o,/ao = 0.0916 a t  i n c i p i e n t  y i e l d .  
A t  t h e  n e a r  t i p  element c e n t e r s  t h e  c i r c u m f e r e n t i a l  s t r a i n  was of t h e  same o r d e r  
of  magnitude a s  t h e  in-plane normal s t r a i n s .  This  sugges ts  t h a t  t h e  s t a t e  of p lane  
s t r a i n  t h a t  e x i s t s  a t  t h e  crack t i p  is  very l o c a l i z e d ,  p r e v a i l i n g  i n  a  reg ion  l e s s  
than  r / d  = 1/144 about t h e  t i p .  
The dua l  s i n g u l a r i t y  s o l u t i o n  was chosen a s  t h e  b e s t  and f u r t h e r  1-oading was 
cont inued from t h i s  s o l u t i o n ;  although t h e  i sopa rame t r i c  i n t e r p o l a t i o n  func t ion  was 
used t h e r e a f t e r  (once y i e l d i n g  t akes  p l ace  t h e r e  i s  no reason t o  expect  any singu- 
l a r i t y  o t h e r  than  t h e  l /r form). The displacement of  t h e  end of  t h e  b a r  was in-  
c reased  t o  a  va lue  of 15 .25  t imes t h e  end displacement a t  f i rs t  y i e l d  i n  47 in-  
crements i n  t h e  fo l lowing  o r d e r  
m 
7 increments of 0 .25  uo 
20 l I I I 0.15 " 
111. 11 d' 6,45 ' I  
9 I 1  If  0.75  " 
The load-deflection curve i s  presented  i n  fig, 5 ,  The curve levclc; o f f  at 
u - 2.72 an  . This  eoiiopar" fsvorah1.i ~ i i t l ~  tho l i r n i t  p r e s s w e  of a x i s ~ ~ ~ ~ i ~ c t r i c  in- 
n e t  
den ta t ion  of a  s e m i - i n f i n i t e  r i p i d  p e r f e c t l y  p l a s t i c  Tresca  m a t e r i a l  given by ShSeld [PI, 
He computed t h e  average p r s s su re  a s  5-69 k  where k is t h e  flow s t r e s s  i n  shea r .  The 
r a t i o  of  t h e  f i n i t e  element l i m i t  n e t  s t r e s s  t o  S h i e l d ' s  us inp  t h e  app ropr i a t e  t e n s i l e  
y i e l d  s t r e s s e s  is 2.72/2.85 = 0.96. When matched i n  s h e a r  t h e  r a t i o  is 4,71/5.69 = 
0.83. An important f e a t u r e  of t h e  p re sen t  solu-tion is t h a t  t h e  y i e l d  zone s p r e ~ d s  t o  
inc lude  t h e  e n t i r e  b a r  c ros s - sec t ion  a t  l i m i t  load. The 2  t o  1 diameter r a t i o  chosen 
is seemingly t o o  smal l  t o  a f f e c t  t h e  l o c a l i z e d  flow a t  l i m i t  l oad  found by Shie ld .  The 
deformation was conf ined  t o  a r a d i u s  of 1.58 t imes t h e  punch r a d i u s  i n  S h i e l d ' s  so lu -  
t i o n .  F ig .  6 p re sen t s  t h e  e l a s t i c - p l a s t i c  boundary a t  p rog res s ive  s t a g e s  o f  loading.  
The n e t  s e c t i o n  s t r e s s  d i s t r i b u t i o n  a t  l i m i t  load is compared t o  S h i e l d ' s  and t h e  a x i -  
symmetric punch f i n i t e  element r e s u l t s  of  Lee and Kobayashi C91 i n  f i g .  7. The l a t t e r  
au thors  considered a specimen wi th  geometry D/d = 2.7 and L/d = 1 .7  and used a 
somewhat c o a r s e r  mesh than  t h e  p re sen t  s tudy .  Thei r  n e t  s e c t i o n  d i s t r i b u t i o n  ag rees  
reasonably w e l l  with t h e  p re sen t  r e s u l t  except near  t h e  crack t i p ,  S h i e l d ' s  d i s t r i -  
bu t ion  i s  d i f f e r e n t  i n  t h a t  t h e  g r e a t e s t  t ens ion  i s  a t  t h e  c e n t e r l i n e .  The p re sen t  use 
of t h e  Mises y i e l d  c r i t e r i o n  makes a  pointwise comparison of  t h i s  Tresca s o l u t i o n  du- 
bious.  The high s t r e s s  p red ic t ed  a t  t h e  crack t i p  i n  t h e  c u r r e n t  s o l u t i o n  is t h e  first 
symptom of  numerical procedura l  problems a t  t h e  s i n g u l a r i t y ,  t h i s  t o p i c  w i l l  be  con- 
s i d e r e d  s h o r t l y .  
The f l ank  opening, f i g .  8 ,  i s  seen t o  change from a sma l l  f r a c t i o n  of t h e  end ex- 
t ens ion  t o  t h e  poin t  where t h e  f l a n k  opening v e l o c i t y  is  80% o f  t h e  imposed end velo-  
c i t y .  Of course ,  i f  t h e  f l ank  was included i n  t h e  r i g i d  reg ion  t h e  l i m i t i n g  f l ank  
opening v e l o c i t y  would be 100% o f  t h e  end ve loc i ty .  
The n e a r  t i p  s t r e s s e s  a r e  p l o t t e d  i n  f i g s .  (9a ,b , c )  a t  a  /a = 1.12 , 1.90, 
n e t  o  
and 2.72 along with t h e  P rand t l  s t r e s s  d i s t r i b u t i o n .  For t h e  first two load s t a t e s  
t h e r e  is good agreement with t h e  P r a n d t l  f i e l d  f o r  o  i n  t h e  range 068s~r/2 . The 
ZZ 
a curves a r e  c l o s e  f o r  t h e  f i r s t  two s t a t e s  while  t h e  f i n i t e  element r curves 
P P P Z  
a r e  much d i f f e r e n t  than t h e  P r a n d t l  f i e l d .  The T d i s t r i b u t i o n  f o r  o /a = 1 .12 ,  
P n e t  o  
1.90 looks  much l i k e  t h e  e l a s t i c  d i s t r i b u t i o n ,  f i g ,  4c,  f o r  t h e  range 0~0<77/2. The 
l a r g e  almost cons tan t  shea r  s t a t e  over  t h e  range 0 > ~ i / 2  is a  c l e a r  i n d i c a t i o n  t h a t  
t h e  s o l u t i o n  i s  amiss i n  view of t h e  t r a c t i o n  f r e e  crack su r f ace  boundary cond i t i on .  
It was suspected that the size o f  t h e  first p l a s t i c  increments  we:-e the source o f  
t h e  s t r ange  s t r e s s  
a3 
so l l i t ion .  The proitlern wac; rcrur: UP to a /n = 1 ,  I ?  i n  increirents of 0 ,  I 0  v 
n e t  o  o  
with e s s e n t i a l l y  t h e  same n e a r  t i p  d i s t r i b u t j o n  r e s u l t i n g ,  Previous f i n i t e  element 
work has been done by Levy e t  a l ,  151 u s i n g  t h e  p r o c ~ d u r e  sf embedding t h e  expected 
l / r  s i n g u l a r i t y .  The s o l u t i o n  obtained agreed very w e l l  with t h e  P r a n d t l  f i e l d  
a t  t h e  crack t i p .  The e s s e n t i a l  d i f f e r e n c e  i n  t h a t  work from t h e  p re sen t  is  t h e  
use o f  a n  r -8  p o l a r  element i n s t e a d  o f  t h e  centered  t r apezo ids .  Although they  
used a  n ine  p o i n t  i n t e g r a t i o n  procedure wi th  only t h e  midpoint s t r e s s  s t o r e d  l i k e  
t h e  p re sen t  formula t ion ,  it has been subsequent ly discovered t h a t  t h e  f i n a l  nea r  
t i p  s o l u t i o n  i s  very s e n s i t i v e  t o  t h e  i n t e g r a t i o n  procedure used f o r  s t r a i g h t -  
edged t r a p e z o i d a l  elements.  This  t o p i c  has  been i n v e s t i g a t e d  i n  d e t a i l  and r u l e s  
have been e s t a b l i s h e d  which def ine  t h e  b e s t  i n t e g r a t i o n  procedure t o  use f o r  non- 
hardening p l a s t i c i t y .  This  is one of t h e  s u b j e c t s  of t h e  next  s ec t ion .  
The f i n i t e  element method c a l c u l a t e s  v e l o c i t i e s  from which s t r a i n  r a t e s  a r e  
obtained.  Using t h e  c o n s t i t u t i v e  mat r ix  s t r e s s  r a t e s  a r e  obtained from t h e  s t r a i n  
r a t e s .  The normali ty  flow r u l e  of p l a s t i c i t y  which i s  incorpora ted  i n  t h e  con- 
s t i t u t i v e  mat r ix  r ende r s  t h e  s t r e s s  r a t e s  tangent  t o  t h e  y i e l d  su r f ace  a t  t h e  pos i -  
t i o n  of  t h e  previous s t r e s s  s t a t e .  While t h i s  is t h e  c o r r e c t  method f o r  i n f i n i -  
t e s i m a l  s t e p s ,  t h e  f i n i t e  load  increments used may produce tangent  s t r e s s  increments  
s o  l a r g e  t h a t  t h e  y i e l d  cond i t i on  i s  d r a s t i c a l l y  v i o l a t e d .  The s t r e s s e s  a t  t h e  load  
o /o = 2.72 a r e  unbel ievably l a r g e  j u s t  because o f  t h i s  problem. Fig.  10 is a 
n e t  o  
- 
p l o t  o f  o/uo f o r  t h e  nea r  t i p  elements a t  unet/uo = 2.72 . 0bviousl.y f o r  t h e  
p e r f e c t l y  p l a s t i c  m a t e r i a l  considered he re  t h i s  r a t i o  should no t  exceed u n i t y .  In  
t h e  l a s t  s e c t i o n  a new method is formulated which uses  t h e  i n i t i a l  and a n t i c i p a t e d  
f i n a l  s t r e s s  s t a t e s  t o  de f ine  a  more appropr i a t e  flow r u l e  f o r  f i n i t e  increments.  
The s t r e n g t h  of t h e  l /r  s h e a r  s t r a i n  s i n g u l a r i t y  i s  def ined  a s  
where Yo i s  t h e  y i e l d  s t r a i n  i n  shea r  (a  /&GI . The numerical analogue f o r  0 
a n  element i n  t h e  angular  Pange 8 $ 8 $ 0 is a 2 
Fig. 11 is a  plot of R ( C ) / ( K / O ~ ) ~  obtained from (13)  for a / o  = l . 1 ?  
n e t  o 
along with t h e  r e s u l t  of Levy er al . [51 and t h e  analytical prer1ic"iions [3 ,4 , l 01  
based on t h e  " t o t a l  s t r a i n "  or  "deformation" theory .  The p re sen t  r e s u l t  d i f f e r s  
s i g n i f i c a n t l y  from t h e  o t h e r  e s t ima te s  which i s n ' t  s u r p r i s i n g  i n  view of  t h e  
p e c u l i a r  s t r e s s  s o l u t i o n  of  f i g .  9 .  The crack opening displacement can be  ob- 
t a i n e d  from t h e  R(O) func t ion  by t h e  r e l a t i o n  C21 
Levy e t  a l .  p r ed ic t ed  t h a t  2  6t depends upon K /Eoo i n  sma l l  s c a l e  y i e l d i n g  
2 through t h e  r e l a t i o n  6J(K /Eo,) = 0.425 . Rice [21 o f f e r e d  a f a c t o r  o f  0.613 
while t h e  non-hardening l i m i t  o f  t h e  power law hardening s i n g u l a r i t y  g ives  a 
va lue  o f  0.717 , [ lo ] .  The smalleF amplitude of  R ( e )  i n  t h e  p r e s e n t  r e s u l t  
sugges ts  a  correspondingly sma l l e r  6, . The p l o t  of 6t/d v s .  ~ ~ / ~ o ~ d  , 
f i g .  1 2 ,  ob ta ined  from t h e  uZ(O,n) nodal  po in t  displacement d a t a  indeed i n d i -  
c a t e s  a smalLer f a c t o r  of  p r o p o r t i o n a l i t y  between 2 6t and K /Eoo . The first 
fou r  increments  i n d i c a t e  a  f a c t o r  o f  0.27 while  a  l i n e  through t h e  d a t a  p o i n t s  
of  i'ncrements 7  t o  1 3  has a  s lope  equal  t o  0.34. Nevertheless ,  t h e  i naccu ra t e  
near  t i p  s t r e s s  d i s t r i b u t i o n  c a s t s  dou.bt on t h e s e  numerical va lues .  
The v e r t i c a l  displacements o f  t h e  nodes on t h e  crack f ace  a r e  p l o t t e d  i n  
f i g .  1 3  f o r  var ious  load  l e v e l s .  The i n t e r e s t i n g  f e a t u r e  o f  t h e  curves i s  t h e  
l a r g e  v a r i a t i o n  of  u ( r , n )  c lo se  t o  t h e  crack t i p  and t h e  n e a r l y  uniform d i s -  
z 
t r i b u t i o n  f o r  r / a  > 1 / 6  . The l a r g e  g r a d i e n t s  near  t h e  t i p  become more pro- 
nounced wi th  inc reas ing  load.  
Asymptotic B. C .  Problem 
-- 
A convenient approach t o  s tudying  t h e  "small-scale  y i e ld ing"  o f  a cracked 
body is t o  use t h e  boundary l a y e r  formulat ion proposed by Rice C21. Here t h e  
crack t i p  deformation i s  i n v e s t i y a t e d  by en la ru ing  t h e  nea r  t i p  reg ion  s o  t h a t  
t he  c h a r a c t e r i s t i c  e l a s t i c  s i n g u l a r i t y  
i s  approached a s  r -s co . This  is t h e  problem t h a t  was so lved  by Levy e t  a l .  C51 
by us ing  t h e  p o l a r  element. Hence t h i s  was chosen as t h e  problem t o  t e s t  t h e  
e f f e c t  of  t h e  choice of  numerical i n t e g r a t i o n  scheme and i n t e r p o l a t i o n  func t ion  
on t h e  n e a r  t i p  s o l u t i o n  i n  centered  t r a p e z o i d a l  elements.  
The f i n i t e  element adap ta t ion  o f  t h i s  formu1.ation considered a c i r c u l a r  
reg ion  about t h e  crack t i p  c u t  ou t  o f  t h e  en larged  reg ion  and boundary cond i t i ons  
appl ied  t o  t h e  o u t e r  sur face  according t o  t h e  formula (14h) eva lua ted  t h e r e .  The 
nea r  t i p  element dimensions a r e  chosen s u f f i c i e n t l y  small. t h a t  t h e  s t r e s s  s t a t e  
nea r  t h e  o u t e r  boundary would cont inue t o  conform t o  (14)  even a f t e r  n e a r  t i p  
elements have y i e l d e d ,  
There were two meshes used. The f i r s t  cons i s t ed  o f  10 r i n g s  of 15O elements  
with nodes a t  r a d i i  o f  
C a l l  t h i s  mesh I and t h e  mesh cons i s t i ng  of 4 r i n g s  of  7.S0 elements followed by 
8 r i n g s  of 15O elements mesh 11, f i g ,  14.  The nodes o f  t h e  l a t t e r  f a l l  on a r c s  
of r a d i u s  
The nodes on r = 2.25 no t  common t o  t h e  ad j acen t  7.5O and 15O elements were 
cons t ra ined  t o  move i n  a compatible manner [Ill. Mesh I had 120 elements and 143 
nodes while  mesh I1 had 192 elements and 229 nodes. The boundary cond i t i ons  a t  
t h e  o u t e r  su r f ace  were imposed displacements according t o  eq. (1%). The p l a s t i c  
incremental  solution ljrris gained by a con"cnuaL inc rease  i n  K , The l oad inq  tras 
no t  continued beyond t h e  po in t  when the maximum ex ten t  of t h e  alastic zone ex- 
ceeded 2-53 of "re ou?e? r ~ 7 d i . u ~  S O  t h a t  t h e  ;.syi?p"co"ric boui-nda~~jr condition ;:as 5"s 
a l l  t imes  reasonable .  The f i r s t  s tudy  involved t h e  v a r i a t i o n  of t h e  number and 
l oca t ion  s f  i n t e g r a t i o n  stations used i n  t h e  nurnef~ica.E i n t e g r a " L m  s f  t h e  neal- 
t i p  eleralent s t i f f n e s s ,  The isopararrle-tric i n t e r p o l a t i o n  func t ion  was used thrsugh- 
out and a s  i n  t h e  round b a r  problem a t  each s t a t i o n  t h e  midpoint s t r e s s  s t a t e  was 
used t o  eva lua t e  D . The s t a t i o n s  of t h e  f o u r  i n t e g r a t i o n  schemes used a r e  
- 
p i c t u r e d  i n  f i g .  3.  Procedure A involved one s t a t i o n  a t  t h e  element midpoint ;  
8. 
procedure B had t h r e e  s t a t i o n s  along s/s" = 1/2  a t  t a n  $ / t an  a = 2/3, 0 ,  - 2/3; 
.'r 
procedure C had t h r e e  s t a t i o n s  a long  $ = 0 at  s/s" 1/6 ,  1 /2 ,  5/6 . Procedure D 
was t h e  9 p o i n t  Gaussian quadra ture  r u l e  used i n  t h e  round b a r  problem. 
The e l a s t i c  n e a r  t i p  s o l u t i o n s  a r e  compared wi th  t h e  exac t  i n c i p i e n t  y i e l d  
s o l u t i o n  i n  f i g s .  15 ,  So lu t ions  C and D a r e  very  c l o s e  as a r e  A and B. The 
former s o l u t i o n s  have t h e  shape of  t h e  e x a c t  e l a s t i c  s o l u t i o n  while  t h e  l a t t e r  
have a shape reminiscent  o f  t h e  P r a n d t l  s t p e s s  f i e l d .  The prime i n g r e d i e n t  which 
seems t o  couple C wi th  D and A with B i s  t h e  f a c t  t h a t  t h e  former two have s t a -  
t i o n s  a t  t h r e e  d i s t a n c e s  along t h e  s a x i s  while  t h e  l a t t e r  s o l u t i o n s  have a l l  
s t a t i o n s  a t  a  f i x e d  va lue  of s . 
The p l a s t i c  s t r e s s  solutj .ons a r e  compared i n  f i g s .  16. The runs  A and B 
were cont inued up t o  K/Ko = 4.0 while  C and D were stopped a t  K/Ko = 2.2 . 
A and B agree  reasonably w e l l  with t h e  P r a n d t l  s o l u t i o n ,  t h e  d e v i a t i o n  i s  g r e a t e s t  
over  t h e  range 0 > 3n/4 where e l a s t i c i t y  p r e v a i l s .  A t  K / K  = 4.0 A remains 
0 
c l o s e r  t o  t h e  P r a n d t l  f i e l d  than  B which has  a and a l a r g e r  t han  ex- 
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pected i n  t h e  range 8 < n/4 . C and D d e v i a t e  cons iderably  from P r a n d t l  a t  
K/Ko = 2.2 i n  t h e  same manner a s  t h e  round b a r  n e a r  t i p  s o l u t i o n .  I t  is note-  
worthy t h a t  t h e  p l a s t i c  shea r  s t r e s s  d i s t r i b u t i o n  i n  each case  has t h e  same shape 
a s  its e l a s t i c  coun te rpa r t ,  This  i s  evidence t h a t  t h e  e l a s t i c  s t r e s s  s o l u t i o n  
d i c t a t e s  t h e  p l a s t i c  s t r e s s  s o l u t i o n .  The e f f e c t  is probably enhanced nea r  t h e  
t i p  where a t  i n c i p i e n t  y i e l d  many o f  t h e  e l a s t i c  elements a r e  very c l o s e  t o  y i e l d .  
Fig.  17 p r e s e n t s  t h e  shea r  s i n g u l a r i t y  s t r e n g t h  a s  a func t ion  o f  8 f o r  
procedures A and B a t  K/Ko = 4.0 , A has  an u n r e a l i s t i c  v a l l e y  a t  8 = 8 2 . 5 O  
but  t h e  d i s t r i b u t i o n  obtained from smoothing t h i s  e r r a t i c  behavior  agrees  w e l l  
with t h e  o t h e r  p r e d i c t i o n s  C3,4,5,101, Ostergren [12] obta ined  an R ( 0 )  wi th  
t h e  same e r r a t i c  behavior  when he used a  one-point (midpoint)  i n t e g r a t i o n  r u l e  
with the p o l a r  element. Levy L131 s e e ~ e d  t o  o f f e r  a method of c o r r e c t i n g  t h i s  
behavior. by u s i n <  a nine-point  rule, This  rule s p e c i f i e d  i n t e g r a t i o n  s t a t i ons  
a t  the midpoints of 9 equal ly  s i z e d  p o l a r  r e c t a n g l e s ,  The weight a s s o c i a t e d  
with each sta-tion crzs t h e  area of the correspondir~g region, The nl"ne--point 
Gaussian rule used i n  procedvre Il f a i l e d  to give a sobut ion  c lose  t o  t h e  one- 
poin t  r u l e  s o l u t i o n ,  procedure A .  Procedure B has a  smooth R f 6 )  , f i g ,  17 ,  
however t h e  amplitude is much sma l l e r  than  t h e  o t h e r  e s t ima te s .  
Some conclusions can be drawn from t h e  preceding four  s o l u t i o n s :  S ince  
t h e r e  can be s i g n i f i c a n t  d i f f e r ences  i n  s o l u t i o n s  obta ined  by us ing  procedures  
involv ing  d i f f e r e n t  approximations t o  t h e  D . mat r ix  a t  t h e  i n t e g r a t i o n  s t a t i o n s ,  
it is necessary t o  s t o r e  t h e  s t r e s s  s t a t e  a t  each i n t e g r a t i o n  s t a t i o n .  Th i s  w i l l  
al low t h e  l a r g e  s t r e s s  g r a d i e n t s  found when t h e  element is  a t  t he  e l a s t i c - p l a s t i c  
boundary and t r i l l  b e  c o n s i s t e n t  with t h e  l a r g e  g r a d i e n t s  of t h e  B mat r ix  which 
a r e  b u i l t  i n t o  t h e  element s t i f f n e s s  when i n t e g r a t i o n s  s t a t i o n s  a t  d i f f e r e n t  
values of s a r e  used. 
The s o l u t i o n s  of  procedures  A and B d i f f e r e d  i n  two r e s p e c t s .  B p r e d i c t e d  
excess ive  normal s t r e s s e s  a a i n  t h e  range 0 < 4 5 O  and a  much s m a l l e r  
XX' yy 
shea r  s t r a i n  s i n g u l a r i t y  t han  t h a t  of A which, a l though e r r a t i c ,  was 05 t h e  ex- 
pected amplitude, A look a t  t h e  f3 matr ix  of  , the i soparamet r ic  cen te red  t r a p e -  
z o i d a l  element provides  l i k e l y  reasons  f o r  t h e  d i f f e r e n c e s .  Eqs. ( 5 ) ,  which a r e  
t h e  r e s u l t  o f  t h e  mat r ix  mul t ip l . i ca t ion  6 6 , shot; t h a t  t h e  d i l a t a t i o n a l  s t r a i n  
- - 
has a  s i n g u l a r i t y  of t h e  form 
Only t h e  s h e a r  s t r a i n  ypo is  expected t o  be s i n g u l a r  i n  p e r f e c t  p l a s t i c i t y  [ 2 ] .  
This  p o s s i b i l i t y  is  inc luded  i n  eqs.  ( 5 )  a s  can be seen by t h e  s t r a i n  component 
Ys t which is  equal  t o  y a t  I) = 0 . The source of t h e  d i l a t a t i o n a l  s ingu-  re 
l a r i t y  i s  due e n t i r e l y  t o  t h e  component E 08 * Procedures A and B embed t h e  
s i n g u l a r  s t r a i n  mat r ix  B i n t o  t h e  s t i f f n e s s  ma t r ix  i n  s u b s t a n t i a l l y  d i f f e r e n t  
ways. The s i n g l e  i n t e g r a t i o n  s t a t i o n  of A i s  on I) = 0 . This  i n t e g r a t i o n  scheme 
produces an element s t i f f n e s s  of a m a t e r i a l  wi th  a  d i l a t a t i o n a l  s i n g u l a r i t y  of 
t h e  form 
The d iZata t ion  i s  bo11ndt.d i f  -the solutto~ finds VI eziral to VJ Procedure R 
produces a s t i f f n e s s  with t h e  s i n g u l a r i t y  ( 1 5 )  embedde? due t o  t h e  i n t e g r a t i o n  
s tat_ions a t  t a n  $ / t an  a = 0 ,  c 2 / 3  , Although t h e  s t r a i n s  trere calctilafsed fr>onn 
- 
t h e  s o l u t i o n  on 11 = 0 s o  t h a t  a bounded d i l a t a t i o n  appears from t h e  s o l u t i o n  
if VI = VJ , a s i n g u l a r  c was i n t e g r a t e d  i n t o  t h e  s t i f f n e s s .  I t  seems t h e  KK 
use of eq. (15) i n  cons t ruc t ing  t h e  s t i f h e s s  induced a s o l u t i o n  involv ing  both 
types  of s i n g u l a r i t y  evidenced by t h e  excess ive  normal s t r e s s e s  and s m a l l  s h e a r  
s i n g u l a r i t y .  If a bounded d i l a t a t i o n  i s  expected,  it seems reasonable  t o  con- 
clude from these  r e s u l t s  t h a t  i n t e g r a t i o n  s t a t i o n s  should be chosen s o  t h a t  t h i s  
i s  a t  l e a s t  allowed. 
Another procedure t e s t e d  involved f o u r  i n t e g r a t i o n s  s t a t i o n s  a t  t h e  i n t e r -  
?: 
s e c t i o n s  of  s/s = 1/4, 3/4 and t a n  $ / t a n  a = + 1/2  . Each s t a t i o n  is i n  
- 
t h e  c e n t e r  of one o f  t h e  f o u r  equal  s i z e  subregions of  t h e  transformed 5 - r~ 
element.  The a r e a s  o f  t h e  subregions were used a s  t h e  weights.  The s t r e s s  s t a t e  
a t  each s t a t i o n  was eva lua ted  and s t o r e d  a f t e r  each load increment f o r  use i n  
eva lua t ing  t h e  D ma t r ix  t h e r e .  This  run  was made t o  t e s t  t h e  s i g n i f i c a n c e  of 
- 
%he odd dependence o f  B on about t h e  l i n e  + = 0 and a l s o  t o  check t h e  
- 
cons t an t  D assumption made previous ly .  Mesh I was used and K was inc reased  
- 
t o  4.15 K i n  s i x  increments  of 0.3 KO and t h r e e  increments of  0.45 K . 
0 0 
The shea r  s t r a i n  s i n g u l a r i t y  s t r e n g t h  R ( 0 )  ob ta ined  from t h i s  s o l u t i o n  is 
i n  e x c e l l e n t  agreement with t h a t  ob ta ined  by Levy e t  a l .  [5], f i g .  18a. The 
displacement s o l u t i o n  was such t h a t  t h e  d i f f e r e n c e  between t h e  l o c a l  s com- 
ponents of  displacement of t h e  ttro crack t i p  nodes o f  a nea r  t i p  element 
was from 10 t o  100 t imes g r e a t e r . t h a n  t h e  d i f f e r e n c e  between l o c a l  t 
scmponents 
A 
i n  t h e  reg ion  0 > 45O . The s t r e s s e s  presented  a r e  those  a t  s/s = 1/4 , 
t a n  + / t an  a. = 7 11'2 , These two inner e1cr:en-t s t a t e s  a r e  connected by a straig5-t 
Sine i n  figs, 6183 - g ) ,  The s5ear s k r e s s  distribution is  i n  r e a s ~ n a h l y  good 
agreement tri th t h e  PrandtL d i s t r i b u t i o n ,  f i g .  LBb . T h e r e  are enormous v a r i a t i o n s  
of norindl ~"iesses u B +- s + B , a b o u t t h e  F.'r;ind"c f i e l d  i n  t h e  
xx9 yy * Oxx yy zz 
fan reg ion  while i n  t h e  range 8 < 4S0 t h e  stresses a r e  I-arger than t h e  Prandt l  
  re diction, f i g s .  (19c - e ) ,  The l a t t e r  behavior tias found i n  procedure R above, 
E l a s t i c i t y  p r e v a i l s  i n  t h e  range 8 > 135O . The d e v i a t o r i c  s t r e s s e s  S Sxx) yy 
a r e  p l o t t e d  i n  f i g s .  (18 f ,g ) .  They agree  very w e l l  wi th  t h e  P r a n d t l  f i e l d  i n  
t h e  f an  - a f a c t  which exp la ins  how an e x c e l l e n t  R(0) s o l u t i o n  could accompany 
an u n r e a l i s t i c  normal s t r e s s  d i s t r i b u t i o n .  
It is easy t o  s e e  how t h e  l a r g e  normal s t r e s s  v a r i a t i o n  wi th in  an element 
is  p o s s i b l e  by looking  a t  t h e  d i l a t a t i o n a l  s t r a i n  f i e l d  w i th in  an element:  
- - - - Since u  was a t  l e a s t  t e n  t imes  g r e a t e r  than v  t h e  terms v and u t a n  + 
a r e  comparable even f o r  t h e  sma l l  angle  of Q = 3.75O which has  a  tangent  equa l  
t o  0.065. Hence t h e  change i n  s i g n  of t a n  $ i n  going from one i n t e g r a t i o n  s t a -  
t i o n  t o  i t s  image about $ = 0 accounts f o r  t h e  l a r g e  d i l a t a t i o n a l  v a r i a t i o n  found. 
Doing a  Mohr's c i r c l e  r o t a t i o n  of  angle  -0 from t h e  l o c a l  s t r a i n  components 
& E 
ss' t t '  t o  t h e  g l o b a l  components shows how t h e  reasonable  ~ ( 0 )  r e s u l t e d  
i n  t h e  fan  from t h e  displacement s o l u t i o n :  
Z v r y  = [ [ U - C Q $ Z B  - V - S I ~ J Z Q ) ~  (18) 
(u- sirr ZQ + v0cos 2 G) ~ ~ i ; ? r r  c f ~ i  415 + corist 
Coupling t h e  f a c t s  t h a t  over  most of t h e  fan  
we can say  
The t e r n  sin 20 tar1 qi i s  obviousPy neg1i~i;iblle ce~noared t o  cos 20  over  most 
of  t h e  fan  hence 
t h e r e .  The s o l u t i o n  found u- approximately even about O = 90° hence t h e  
even d i s t r i b u t i o n  o f  R(0) about t h i s  l i n e ,  f i g .  18a. Although t h e  confusing 
s t r e s s  and s t r a i n  r e s u l t s  o f  t h i s  procedure can be e a s i l y  expla ined  i n  terms 
of  t h e  displacement s o l u t i o n  it is  d i f f i c u l t  t o  r a t i o n a l i z e  why t h i s  procedure 
induces an  e x c e l l e n t  displacement s o l u t i o n ,  
The most d i s t u r b i n g  f e a t u r e  o f  t h e  f i v e  procedures o u t l i n e d  above is t h e  
seemingly s t r o n g  in f luence  t h e  e l a s t i c  crack t i p  s t r e s s  s o l u t i o n  has on t h e  
r e s u l t i n g  p l a s t i c  crack t i p  s t r e s s  s o l u t i o n .  In  an a t tempt  t o  e l u c i d a t e  t h i s  
phenomenon it was decided t o  us,e t h e  e l a s t i c  s i n g u l a r i t y  i n t e r p o l a t i o n  f u n c t i o n ,  
eq. (61,  t o  ga in  t h e  e l a s t i c  s o l u t i o n  and then  svritch t o  t h e  i sopa rame t r i c  in -  
t e r p o h t i o n  func t ion  f o r  t h e  p l a s t i c  increments.. W i t h  t h e  i n t e g r a t i o n  procedure 
i s s u e  b a s i c a l l y  unresolved,  t h e  procedure A which gave reasonable  r e s u l t s  wi th  
mesh I except  f o r  an e r r a t i c  R(0) curve was chosen along wi th  mesh I1 wi th  t h e  
hope t h a t  t h e  e x t r a  degrees o f  freedom would c o r r e c t  t h e  R ( 0 )  curve. The e l a s -  
t i c  so lu t ion  was everywhere wi th in  2% of t h e  exac t  s o l u t i o n  a s  repopted s e p a r a t e l y  
i n  a r e c e n t  paper  by Tracey C71. The e l a s t i c  s o l u t i o n  gained from us ing  t h e  d u a l  
s i n g u l a r i t y  i n t e r p o l a t i o n  func t ion ,  eq. (7 ) ,  procedure A and mesh I1 appears  i n  
f i g s .  19 along wi th  t h e  nea r ly  exac t  e l a s t i c  s o l u t i o n  and t h a t  i sopa rame t r i c  so lu-  
t i o n  us ing  procedure A and mesh I p re sen ted  e a r l i e r .  Su rp r i s ing ly  t h e  d u a l  s ingu-  
l a r i t y  formulat ion and t h e  i sopa rame t r i c  r e s u l t ,  resemble t h e  P r a n d t l  d i s t r i b u t i o n .  
In  t h e  round b a r  problem t h e s e  formula t ions  were s i m i l a r  bu t  they  were c l o s e r  
t o  t h e  exac t  e l a s t i c  than  t h e  P r a n d t l  s o l u t i o n ;  of course t h e  round b a r  problem 
used t h e  i n t e g r a t i o n  procedure D . 
The e l a s t i c - p l a s t i c  s o l u t i o n  was so lved  by t e n  p l a s t i c  increments o f  0 . 1  K 
0 
and then  f i f t e e n  increments of  0 .2  K s o  t h a t  a t o t a l  load  of  K = 5.0 KO was 
0 
reached.  The r e s u l t i n g  near  t i p  s t F e s s  s o l u t i o n  is p l o t t e d  i n  f i g s .  (20a ,b ,c ) .  
The s h  ape of t h e  s t r e s s  d i s t r i b u t i o n s  resemble t h e  exac t  e l a s t i c  d i s t r i b u t i o n  
more than  t h e  P rand t l ;  t h e  shea r  s t r e s s  is t h e  b e s t  evidence of t h i s ,  The 
associated crack t i p  s o l u t i o n  had t h e  ~ e c u P i a ~  and p h y s i c a l l y  v n r e a s s n e b l e  fea- 
t u r e  of a negative u ovep t h e  range O0 < 8 < 90c , f i g ,  20d,  This  f e a t u r e  
Y 
sugges ts  t h a t  t h e  co inc ident  crack t i p  nodes a r e  " too f r ee"  and perhaps should be 
cons t ra ined  t o  t h e  s p e c i f i c  relative motion expected from a L/r shear singu- 
Par i ty .  This  f e e l i n g  motivated cons idera t ion  of  t h e  previous problem modified 
by adding t h e  c o n s t r a i n t  
f o r  each nea r  t i p  element. This  c o n s t r a i n t  i n  conjunct ion  wi th  i n t e g r a t i o n  pro- 
cedure A disa l lo t r s  a  s i n g u l a r  d i l a t a t i o n  while allovring a  s i n g u l a r  shea r  s t r a i n  
whose s t r e n g t h  i s  p ropor t iona l  t o  (uI - uJ) . The load was increased  t o  
K = 4.1  K i n  31 increments o f  0 .1  K . The crack t i p  displacement s o l u t i o n  
0 0 
appears  i n  f i g s .  (21a,b) .  The unreasonable nega t ive  u  va lues  a t  r = 0  
Y 
d i sappear  by employing t h e  c o n s t r a i n t  although t h e  s l o p e  o f  t h e  displacement d i s -  
t r i b u t i o n  i s  o s c i l l a t o r y  i n  t h e  r eg ion  4S0 < 9  < 133O . This  l a t t e r  e f f e c t  i s  
evidenced by t h e  R(9) curve of f i g .  21c. The s t r e s s  s o l u t i o n ,  f i g s .  ( 2 l d , e , f ) ,  
i s  very  c l o s e  t o  t h e  P r a n d t l  s o l u t i o n  over 0  < 9  < 120°. E l a s t i c i t y  p r e v a i l s  
over  8 > 150° , The reg ion  120° < 8 < 150° resembles a cons t an t  s t a t e  reg ion .  
This is t h e  only s o l u t i o n  obta ined  s o  f a r  which has d i s t i n c t l y  d i f f e r e n t  e l a s t i c  
and p l a s t i c  s t r e s s  s o l u t i o n s  each o f  which a r e  reasonable.  The one worrisome 
d e t a i l  o f  t h i s  s o l u t i o n  is t h e  o s c i l l a t i o n s  i n  t h e  crack t i p  displacements .  
dwa 
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